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Abstract 

In 1965, Motzkin and Straus [5] provided a new proof of Turan's theorem based on a continuous 
characterization of the clique number of a graph using the Lagrangian of a graph. This new proof 
aroused interests in the study of Lagrangians of hypergraphs. In most applications, we need an upper 
bound for the Lagrangian of a hypergraph. Frankl and Fiiredi in [T] conjectured that the r-graph 
with m edges formed by taking the first m sets in the colex ordering of N' r ' has the largest Lagrangian 
of all r-graphs with m edges. In this paper, we first establish some bounds for Lagrangians of some 
special 3-graphs, and then using these results, we prove that Frankl and Fiiredi's conjecture holds for 
3-graphs with no more than 71 edges. Combining with previous results, we also confirm that Frankl 
and Fiiredi's conjecture holds for 3-graphs with m edges where (' g 1 ) — 5 < m < (' g 1 ) + (* j 2 ) — (t — 3). 

Key Words: Cliques of Hypergraphs; Colex ordering; Lagrangians of r-uniform graphs; Optimization. 

1 Introduction 

In 1941, Turan [16) provided an answer to the following question: What is the maximum number of 
edges in a graph on n vertices without containing a complete graph of order k, for a given fc? This is 
the well-known Turan theorem. Later, in another classical paper, Motzkin and Straus [5] provided a 
new proof of Turan's theorem based on a continuous characterization of the clique number of a graph 
using Lagrangians of graphs. This new proof aroused interests in the study of Lagrangians of r-graphs. 
The Lagrangian of a hypergraph has been a useful tool in hypergraph extremal problems. For example, 
Sidorcnko [llj and Frankl-Furedi [1] applied Lagrangians of hypergraphs in finding Turan densities 
of hypergraphs. Frankl and Rodl [2] applied it in disproving Erdos' long standing jumping constant 
conjecture. More applications of Lagrangians can be found in [3], [5], and []__]. In most applications, we 
need an upper bound for the Lagrangian of a hypergraph. In the course of estimating Turan densities 
of some hypergraphs, Frankl and Fiiredi ,1; asked the following question: Given r > 3 and m G N, 
how large can the Lagrangian of an r-graph with m edges be? Before stating their conjecture on this 
problem, we give some definitions and notations. 
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For a set V and a positive integer r we denote by the family of all r-subsets of V. An r-uniform 
graph or r-graph G consists of a set V(G) of vertices and a set E{G) C V(G)( r ) of edges. An edge 
e = {ai, 02, . . . , a r } will be simply denoted by aia 2 ■ ■ ■ a r . An r-graph H is a subgraph of an r-graph G, 
denoted by H C G if V(if) C V(G) and C E(G). Let N be the set of all positive integers. For 

an integer n G N, we denote the set {1, 2,3, ... ,n} by [n\. Let -fQ denote the complete r-graph on £ 
vertices, that is the r-graph on t vertices containing all possible edges. A complete r-graph on t vertices 
is also called a clique with order t. We also let [n]^ represent the complete r-graph on the vertex set 
[n]. When r = 2, an r-graph is a simple graph. When r > 3, an r-graph is often called a hypergraph. 

Definition 1.1 For an r-graph G with the vertex set [n], edge set E(G) and a vector x — (x\, . . . , x n ) G 
R n , define 

\{G , x^j ^ ^ X{ 1 X{ 2 . . . X{ r . 

Definition 1.2 Let S — {x — (x\, x%, ■ ■ ■ , x n ) : X^i=i x i ~ 1> x i — ^ OT i = 1, 2, . . . , n}. The Lagrangian 
of G, denoted by A(G), is defined as 

A(G) =max{A(G,f) : x e S}. 

The value Xi is called the weight of the vertex i. We call x — (xi, X2, ■ ■ ■ , x n ) £ R n o, legal weighting for 
G if x G S . A vector y G S is called an optimal weighting for G if X(G,y) = A(G). 

The following fact is easily implied by the definition of the Lagrangian. 

Fact 1.1 Let G x , G 2 be r -graphs and Gi C G 2 . Then A(Gi) < A(G 2 ). 

In [5] , Motzkin and Straus provided the following simple expression for the Lagrangian of a 2-graph. 

Theorem 1.2 (Motzkin and Straus fEjj) If G is a 2-graph in which a largest clique has order t then 
A(G) = A(^ t (2) ) = I(l-i). 

An attempt to generalize the Motzkin- Straus theorem to hypergraphs is due to Sos and Straus |13) . 
Recently, in [9] and [10] Rota Bulo and Pelillo generalized the Motzkin and Straus' result to r-graphs 
in some way using a continuous characterization of maximal cliques. Determining the Lagrangian of a 
general r-graph is non-trivial when r > 3. Indeed the obvious generalization of Motzkin and Straus' 
result is false because there are many examples of r-graphs that do not achieve their Lagrangian on any 
proper subhypergraph. 

For distinct A, B G N (r) we say that A is less than B in the colex ordering if max(AAB) G B, where 
AAB = (A\B)l)(B\A). For example we have 246 < 156 in since max({2, 4, 6}A{1, 5, 6}) G {1,5,6}. 
In colex ordering, 123 < 124 < 134 < 234 < 125 < 135 < 235 < 145 < 245 < 345 < 126 < 136 < 
236 < 146 < 246 < 346 < 156 < 256 < 356 < 456 < 127 < • • • . Note that the first (*) r-tuples in the 
colex ordering of are the edges of [t] ^ . The following conjecture of Frankl and Fiiredi (if it is true) 
proposes a solution to the question mentioned at the beginning. 

Conjecture 1.3 (Frankl and Fiiredi fl]/) The r-graph with m edges formed by taking the first m sets 
in the colex ordering of has the largest Lagrangian of all r-graphs with m edges. In particular, the 
r-graph with (*) edges and the largest Lagrangian is [t]^ r K 
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This conjecture is true when r = 2 by Theorem 11.21 For the case r = 3, Talbot in [14] proved the 
following. 

Theorem 1.4 (Talbot \14f ) Let m and t be integers satisfying ('g 1 ) < m < ('g 1 ) + (*2 2 ) — (t ~ !)• 
Then Conjecture \1.3\ is true for r = 3 and this value of m. Conjecture is also true for r — 3 and 
m=(l)-lorm=(l)-2. 

For the case r = 3, Tang, Peng, Zhang, and Zhao in [15] proved the following. 

Theorem 1.5 fj!5f ) Let m and t be integers. Then Coniecture \1.3\ is true for r — 3 and m = (*) — 3 
or m — (*) — 4. 

In this paper, we extend Theorems 11.41 and 1 1 . 51 as follows. 

Theorem 1.6 Let m and t be positive integers satisfying ('g 1 ) < m < ('g 1 ) + (*2 2 ) ~ — 3). Then 
C'oniecture \1.3\ is true for r = 3 and this value of m. 

Theorem 1.7 Let m and t be positive integers satisfying m — Q) — 5. Then Coniecture \1.3\ is true for 
r = 3 and this value of m. 

We also establish bounds for Lagrangians of some special 3-graphs, then using these results, we show 
that 

Theorem 1.8 Coniecture \1.3\ holds when r — 3 and m < 71. 

The truth of Frankl and Fiiredi's conjecture is not known in general for r > 4. In the case r = 3, 
combining Theorems 11.41 ll.5[ ll.6[ and II. 7\ we know that Conjecture 11.31 holds if (* g 1 ) — 5 < m < 

(V) + (* 2 2 ) ~ ( i_3 )- The case when (' 3 1 ) + (*2 2 ) - (^-4) < m < (3) _6 is sti11 °P cn in tnis conjecture. 
In [1], He, Peng, and Zhao verified Frankl and Fiiredi's conjecture for m < 50 when r = 3 through the 

software Matlab, while Theorem 11.81 is proved based on mathematical bounds. 

The proof of Theorem 1 1.61 will be given in Section [3] and the proofs of Theorems 1 1 . 7\ fl~8] and related 

results will be given in Section |U Next, we state some useful results. 

2 Useful Results 

We will impose one additional condition on any optimal weighting x = (xi,X2, ■ ■ ■ ,x n ) for an r-graph 
G: 

\{i : Xi > 0}| is minimal, i.e. if y is a legal weighting for G satisfying 

\{i : Vl > 0}| < |{t : x t > 0}\, then A(G, y) < A(G). (1) 

For an r-graph G = {V,E) we denote the (r — l)-neighborhood of a vertex i E V by Ei = {A € 
yir- 1 ) : A y {j} £ jt;}. Similarly, we will denote the (r — 2)-neighborhood of a pair of vertices i, j £ V by 
Eij = {B e V {r - 2) : BU{i,j} e E}. We denote the complement of E t by Ef = K (r_1) : A U {i} £ 

V^\E}. Also, we denote the complement of E^ by Efj = {Be V^- 2 ^ : B U {i, j} G V^\E}. Denote 

E i \ j =E i {\E c j . 
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When the theory of Lagrange multipliers is applied to find the optimum of A(G,x), subject to 
Xj = 1, notice that X(Ei,x) corresponds to the partial derivative of A(G, x) with respect to X{. 
The following lemma gives some necessary conditions of an optimal weighting for G. 

Lemma 2.1 (Frankl and Rodl J2fJ Let G = (V, E) be an r-graph on the vertex set [n] and x = 
(xi, X2, ■ ■ ■ , x n ) be an optimal weighting for G with k (< n) non-zero weights satisfying condition (Qp. 
Then for every {i,j} & [k]^, (a) X(Ei,x) — X(Ej,x) — rX(G), (b) there is an edge in E containing both 
i and j . 

Definition 2.1 An r-graph G — (V,E) on the vertex set [n] is left- compressed if jxji ■ ■ ■ j r S E implies 
i\%2---i r £ E provided i p < j p for every p, 1 < p < r. Equivalently, an r-graph G — (V,E) is left 
compressed if Ej\i = for any 1 < i < ] ' < n. 

Remark 2.2 (a) In Lemma \2.1[ part(a) implies that 

XjX(Eij,x) + X(E i \ j ,x) = XiX(Eij,x) + X(Ej\i,x). 

In particular, if G is left-compressed, then 

(xi - x )X{E i:j ,x) = X(Ei\j,x) 

for any i,j satisfying 1 < i < j < k since Ej\i = 0- 

(b) If G is left- compressed, then for any i,j satisfying 1 < i < j < k, 



X(Eij,x) 



Xi Xj — , (2) 



holds. If G is left-compressed and Ei\j — for i,j satisfying I < i < j < k, then Xi = Xj. 

(c) By if G is left-compressed, then an optimal legal weighting x — (x\,xi, . . . ,x n ) for G must 
satisfy 

X\ > x-x > . . . > x n > 0. (3) 

Let C r ^ m denote the r-graph with m edges formed by taking the first m sets in the colex ordering of 
N (r) . 

Lemma 2.3 (Talbot \t$ ) For integers m,t, and r satisfying < m < + (*Zi); we have 

A(C r , m ) = A([t-l]«). 

Denote 

X r m = max{A(G) : G is an r — graph with m edges}. 
In [14], the following results are proved. 

Lemma 2.4 (Talbot 114V Let m be a positive integer. Let G be a left- compressed 3-graph with m edges 
such that A(G) = A„. Let x — (xi,X2, ■ ■ ■ ,x n ) be an optimal weighting for G and k be the number of 
non-zero weights in x, then 

\[k- 1] {3) \E\ <k-2. 
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Lemma 2.5 (Talbot \14V ) Let G = (V,E) be a 3-graph with m edges such that A(G) = A 3 j. Let x — 
(x±,X2, • ■ • , Xk) be an optimal weighting for G satisfying x\ > x% > ■ ■ ■ > %k > %k+i = .. . = X n = 0. 
Then 

m(Y)+C7H->- 

We will use Lemmas 12.61 and 12 . 71 in our main results. Lemma HOil is a special case of Theorem 3.3 in 

m- 

Lemma 2.6 (Peng, Tang, Zhao JTjj) Let m and t be positive integers satisfying (* g 1 ) < rn < ('g 1 ) + 
( t ~ 2 2 )- Let G = (V,E) be a left- compressed 3-graph with m edges andt vertices satisfying \ [t— 2]( 2 )\i? t | > 
\E {t _ 1)t \. Then A(G) < \([t-l]™). 

The following lemma implies that we only need to consider left-compressed r-graphs when Conjecture 
11.31 is explored. 

Lemma 2.7 (Talbot H4V Let m,t be positive integers satisfying m < (*) — 1, then there exists a left- 
compressed r -graph G with m edges such that A(G) = \ r m . 

The following result is also used in the proof of our main results. 

Theorem 2.8 (Peng and Zhao JSjj) Letm andt be positive integers satisfying ('g 1 ) < rn < ('^j + C^ 2 )- 
Let G be a 3 -graph with m edges and contain a clique of order t — 1. Then A(G) = A([i — l]^ 3 ^). 



3 Proof of Theorems 11.61 

Proof of Theorem \l.(K Let m and t be positive integers satisfying ('g 1 ) < m < (*g 1 ) + ( t ^ 2 ) — {t — 3). 
Let G = (V, E) be a 3-graph with m edges such that A(G) = A^. By Lemma [2T3l it is sufficient to show 
that A(G) < X([t - 1]( 3 )). 

Let x = (xi, X2, ■ ■ ■ ,x n ) be an optimal weighting for G and k be the number of positive weights in x. 
We can assume that G is left-compressed by Lemma 12.71 So x\ > X2 > . . . > Xk > Xk+i = ■ ■ ■ = x n = 
by Remark |2.2T c) . Since x has only k positive weights, we can assume that G is on vertex set [k]. 

Now we proceed to show that A(G) < X([t - 1] (3) ). If A(G) > A([t - 1]( 3 '), then k > t since otherwise 
k < t — 1 and then A(G) < X([t — l]^ 3 ')- By Lemma r2.1f a), k — 1 and k appear in some common edge 
e € E. Recall that E is left-compressed, so l(fc — \)k 6 E. Define b — max{i : i(k — l)k £ E}. Because 
E is left-compressed, E^ = for 1 < i < j < b. Hence, by Remark l2.2f a), we have x\ = x<z = • • • = Xb- 
Clearly, b < k - 4. Since G is left-compressed and l(k - l)k E E, then \[k - 2]( 2 ' n E k \ > 1. If k > t + 1, 
then applying Lemma \2A\ we have 

m=\E\ = \En\k-i\W\ + \lk-2}WnEt\ + \E^ nk \ 

> (J) -e-D+s 

which contradicts to the assumption that m < (* g 1 ) + (* 2 2 ) — (t ~~ 3). Recall that k > t, so we have 
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We need the following lemma whose proof follows the lines of Lemma 2.5 in |14) . 

Lemma 3.1 Let G be a left-compressed 3-graph on the vertex set [t] with m edges where (*3 1 ) < m < 
(^g 1 ) + (*2 2 ); an d A(G) = A 3 ^. Let x = [x\ , x% , . . . , Xt) be an optimal weighting for G. Then \[t — 
1)W\E\ <t-3, or A(G) < X([t - 1] (3) ). 

Assume Lemma [3.11 is proved, we continue the proof. If \[t — l]( 3 )\i?| < t — 3, we add all triples in 
[t — 1] ^ \ E to E and let the new 3-graph be G\ . Then G\ contains [t — 1] ^ , the number of edges in 
d is at most ('g 1 ) + (' ~ 2 ) and A(G X ) > A(G). Applying ThcoremOU A(Gi) = A([i - 1]< 3 )). Therefore 
A(G) < X([t - lp)). This proves Theorem[L6] ■ 

We must now prove Lemma 13.11 

Proof of Lemma \3.1\ We may assume that xt > since xt = implies that A(Gi) < \([t — l]^). We 
define a new legal weighting y for G as follows. Let yi = Xi for i ^t—l,t, yt-i — Xt-i + Xt and yt = 0. 
By Lemma l2~TT a) ■ X(E t -i,x) — X{E tl x), so 

X(G,y) - X(G,x) = x t (X(E t -i,x) - x t X(E t ( t _^,x*)) 

~x t (X(E t ,x) - x t - 1 X(E (t ^ 1)t ,x)) - x t -ix t X{E( t ^ 1)t ,x) 



x t (X(E t -i,x) - X(E t ,x)) - x\ Xi 

—bx\x 2 . (5) 



Since yt = we may remove all edges containing t from E to form a new 3-graph G = ([t],i5) with 
A(G, y) = A(G, y) and |J5| = \E\ - \E t \. We will show that if \[t - lp> \ E\>t-2, then there exists a 
set of edges F C [t— lp) \ E satisfying 

X(F,y)>bx lX 2 t (6) 

Then, using ©, the 3-graph G' = {[t],E'), where £" = E U F, satisfies 

A(G',y) = A(G,£) + A(F,y) 
> A(G, y) + bx x x\ 
= X{G,x). 

Since yhas only t — 1 positive weights, then A(G') < A([f — l]*- 3 - 1 ), and consequently A(G) < X([t — 1]^). 

We must now construct the set of edges F satisfying ©. Applying Remark I2.2f a) by taking i — 
1 , j = t — 1 , we have 

A(£'i\( t _i), 

H = X t -l + -T7= 

Let G = [t — 2]( 2 ) \ i? t _i. Then X(E 1 \^ t ^ 1 ) , x) = £tX}i=&+i + A(G, x). Applying this and multiplying 
bx\ to the above equation (note that A(iJ 1 ( t _ 1 ) , x) — J2l=2 ijtt-i x i)> we h ave 

, 2 , 2 . bx t Y,%l + i * . bx 2 X(C,x) 
bx\x t = bx t -ix t H 1 1 — 



i=2,i/t-l X i l~ii=2,i=tt-l X 
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Since x\ > x% > • • • > Xt, then 



, , ., t-(b + 2). bx t X(C,x) 
bx 1 x 2 t <bx t - 1 x 2 t (l+ t _ 3 } )+ \_2 ■ ( ? ) 

Define a = [^§] and /3 = [6(1 + *~ ( l^ 2) )1. Notice that [6(1 + l ~^ 2) )] < t - 2 since b < t - 2, 
/(&) = 6(1 + *~ t _1) ) increases as 6 increases and /(t — 2) = t — 2. So j3 < t — 2. Let the set 
Fx C [t — 1] ( 3 ) \ F consist of the a heaviest edges in [t — 1] ( 3 ) \ E containing the vertex t — 1 (note that 
[t — 2]( 2 ) \ F t _i| = \C\ > a). Recalling that y t -x — £t-i + x t we have 

wc, -a ^ bx t X(C,x) 2 
K F l>y) > — ^— ^ hax t _ia; t . 

So using 

X(F u y)-bxix 2 t >x t -ix 2 t (a-P). (8) 
If a > /3, X(Fi,y) — bx t -\x\ > so defining F = Fx satisfies ©. 

Assume a < /3. Suppose that |[t - 1]( 3 )\F| > t - 2. So |[f - 1]( 3 ) \ F| > f - 2 > /3 (recall that 
[3 < t - 2). Let F 2 consist of any /3 - a edges in [t - lp' \ (FU F x ) and define F = Fx U F 2 . Then since 
X(F 2 ,y) >(/3- a)xl_ x and using © 

A(F, y) - bxt-ix 2 t = X{Fx,y) - bxt-ix 2 + X(F 2 ,y) > (/? - a)x*_x - x t -xx 2 t (l3 - a) > 0. 



This proves Lemma 13 . 1 



(t-2Xt-l)t 
(t-3Xt-lX 




Figure 1 



4 Proofs of Theorems 11.71 and 11.81 

A triple is called a descendant of a triple jxj2j3 if is < js for each 1 < s < 3, and ii + i 2 + *3 < 

ji + J2 + J3- Li this case, the triple jxjijj, is called an ancestor of ?i ?2*3- The triple ixiiiz is called a 
direct descendant of jxjijz if 21*2*3 is a descendant of ji J2J3 and ji + j'2 + J3 = ii + *2 + *3 + 1. We say 
that jxjiji has lower hierarchy than ixiii?, if jxjijz is an ancestor of ixiii?,- This is a partial order on 
the set of all triples. Figure 1 is a Hessian diagram on all triples on vertex set [t]. In this diagram, 
and jij2j3 are connected by an edge if ixi%iz is a direct descendant of J1J2J3. 
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Remark 4.1 A 3-graph G is left- compressed if and only if all descendants of an edge of G are edges of 
G. Equivalently, if a 3-triple is not an edge of G, then none of its ancestors will be an edge of G. 

Lemma 4.2 Let m and t be positive integers satisfying 

f-l\ ft-l\ (t-2 

< m < 



3 J ~ ~ V 3 J V 2 

Let G = {V, E) be a left- compressed 3-graph on the vertex set [t] with m edges satisfying \E( t _ 1 j t \ < 3. 
Then A(G) < X([t - 1] (3) ). 

Proof. Because A(G) doesn't decrease as \E\ increases, we can assume that \E\ = (t- 1 ) + (*~ 2 ). If 
E contains [t - 1}^ then A(G) = X([t - 1] (3) ) by Theorem HU Therefore, we can assume that G does 
not contain [t - 1] (3) and (t - 3)(t - 2)(t - 1) £ E. If = 1, then \[t - 2} ( - 2 \E t \ > \E {t _ 1)t \ since 

(t - 3)(f - 2)t £ E. By Lemma EH A(G) < X([t - 1]< 3 )). If t < 5 Lemma |L2] clearly holds. Next, we 
assume t > 6 and distinguish two cases. 

Case 1: |i?(t_i)t| = 2. Note that G is left-compressed, in view of Figure 1, E = [t]^ \{3(f- l)t, 4(t- 

1) t,---(t - 2)(t - l)t,(t - 3)(t — 2)(i — 1), (i — 3)(t - 2)*}. Let E 1 = [t]^ \ {3(t - 4(t - l)t, ■ ■ ■ (t - 

2) {t - l)t, (t - 4)(i - 2)t, (t - 3)(t - 2)*}, and G' = ([t],E'). Assume x = (21,2:2, ■ • ■ ,x 4 ) is an optimal 
weighting for G satisfying x\ > x 2 > ■ ■ ■ > x t > 0. By Remark I2.2f b). we have x\ = x 2 and xt_i = a^. 
Note that x is also a legal weighting for G', and 

A(G', x) - A(G, x) = x t „ 3 x t _2X t _i - xt_ 4 x 4 _ 2 xt = (x t s - x t -4,)x t -2Xt-i- (9) 

Consider a new weighting for G': y = (2/1, 2/2, • ■ • , Z/t) given by j/j = a;, for i^t — 1, i^t and 
j/t_i = Xf_i + 8, yt — xt — 8. Lemma \2 . 1 1 implies that X(Et-i, x) = X(Et, x*). So 

A(G',y)-A(G',f) = ^A^.fJ-A^.S))-^^.^,^ 

= 5((A(-E t _i,f) + x t ^ 3 x t - 2 ) - (X(E t ,x) - x t _ 4 x t _ 2 )) - 5 2 X(E (t _ 1)t ,x) 

= <5(x t _4 + a; t _ 3 )a; t _2 - 2(5 2 zi. (10) 

Since A(£ ( ' t _ 1)t , x) = A(%_!)t,aT) = x x + x 2 = 2x x . Let 8 = (^-o+^-a^'-s . By Remark g^b) , we 
have 

A(-E( t _ 2 )\(t-i),2;) 



x t _ 2 = x t -i + 
= x t -x + 



A(-E( t - 2 )(t-i),x) 

(x 3 + Xi H 1- X t -i)x t 

X\ + X2 + ' ' ' + Xt-i 



< x t - 1 + t j-^x t <2x t . (11) 
So 8 < xt and y = (yi, y 2l ■ • • , yt) is also a legal weighting for G' . Replacing 8 by &=i±g=g2g*=3 m (JTUJ , 



we have 



A(G',y) - A(G',x) = (Xt - 4+ f- 3)2 ^- 2 . (12) 
Again consider a new weighting for G': z = (z\, z%, . . . , z t ) given by Z\ = Xi for i t — A,i =/= t — 3 and 

Z«-4 = J/t-4 - V; z t-3 = Vt-3 + V- Tncn 

A(G',z) - X(G',y) = rj(HE' t _ 3 ,y) - X(E' t _„y)) - r, 2 X(E' (t _ m _ 3) ,y) 

= n(yt-4-yt-3)X(E[ t _ 4)(t _ 3) ,y)-n 2 X(E[ t _ 4)(t _ 3) ,y). (13) 
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Note that y t _ 4 = x t -4, yt-3 = %t-3, K E {t-4){t-3)^v) = K E (t-4)(t-3),y) = H E (t-4)(t-3), x). We have 

X(G',z) - X{G',y) = r)(x t -4 - x t - 3 )\(E {t _ 4)(t _ 3) ,x) - i] 2 X(E (t _ 4){t _ 3) ,x). (14) 

Let r] = Xt - 4 ~ Xt ~ 3 _ Clearly, z t _ 4 = z t _ 3 = Xt ~ 4 + Xt -3 ; anc j g j s gj so a i e g a j weighting for G'. Replacing 77 
by Xt - 4 ~ :Et - 3 in we have 

A(G',£) - A(G',y) = (^-4-^-3) 2 A( ^ (t _ 4)(t _ 3);f)- (15) 
Adding ©, (H2J) and ([15]), we have 

\(n> -A Mr" *\ + Xt- 3 ) 2 x 2 t ^ 2 (x t -± - x t - 3 ) 2 

X(G , z) - X(G , x) = — 1 A(-B (i _4)( t _ 3 ),x) 

-(x t -4, - Xt- 3 )x t -2Xt-i. (16) 
A(-B(t-4)\(t-3)>^) 



By Remark l2.2f b). we have 



x t -4 = x t - 3 + 



H E (t-A)(t-3),x) 
(Xt-1 +X t )x t -2 



(Xt-l +Xt)Xt-2 

X t -3 + -TTF =\- ( 17 ) 



Recall that Xt-i = xt- Then 

(x t -4 ~ Xt- 3 ) 2 , (xt-4-Xt-3) ( . , {x t -4-Xt-3) , 1c s 

4 A(£; (4 _ 4)(t _ 3) ,x) = x t _ 2 (x t _i +x t ) = x t _ 2 a;t_i. (18) 

And 

(x t -l + X t )x t -2 



Xt-4 = Xt-3 + 

= a;*-3 + 



H E (t-4)(t-3), x *) 

(x t -l +X t )x t -2 

X\ + X 2 H h £ t -5 + 3fi-2 + X t -l + X t 



< x t -3 + — 2**-a- (19) 



So 



2 

(x f _4 - x t _ 3 )xt_ 2 a; t _i < -— -£ t _ 2 iEi_i. (20) 

By Remark l2.2f b). we have 

H E (l\(t-3),x) 

A(S 1(t _ 3) ,x) 

Xt-lXt + X t -2X t + X t -2X t -l 

= Xt-3 + 



X 2 + X 3 + h X t -5 + X t -3 + X t -2 + X t -1 + X t 



3 i + 1 

< &t-3 + -j—^ x t-2 < -j—^ x t-3- (21) 

Combing ([T6] ) . lfl8 ]) . ([20 ]> and ([2"T ]) . recall that i > 6, we have 

X(G',z)-X(G,x) > J-^ Xt _ 3X ^_ 2 --±- x 2 t _ 2Xt _ 1 >0. (22) 
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So X(G, x) < A(G", z) < A(G') = X([t - l]®), since G' contains a clique of order t - 1 (by Theorem ^ ■ 
Case 2: \E( t _ 1 * )t \ = 3. In this case, since G is left-compressed, in view of Figure 1, we only need to 
consider E = [t]^) \ {4(f - l)t, ■ ■ ■ (t - 2){t - l)t, (t - 3)(i - 2)(f - 1), (t - 3){t - 2)t, (t - 4)(i - 2)i}. Let 
E = [t]W \ {4(i - l)t, ■ ■ ■ (t - 2)(t- l)t,(i-4)(f - 2)t,{t-4:)(t-3)t,(t-3){t-2)t}, and G = {[t],E). 
Assume that x = (xi, x 2 , ■ ■ ■ , x t) is an optimal weighting for G satisfying x\ > x 2 > . . . > x t > 0. By 
Remark 12.2T b) . we have x\ — x 2 = %3- Note that x is also a legal weighting for G, and 

A(G, x) - A(G, x) = x t - 3 (xt-ixt-i - x t -4Xt)- (23) 

Consider a new weighting for G: y = (f/1,2/2, ■ ■ ■ ,yt) given by y~i = Xi for i ^ t — 1, i 7^ t and = 
+ S, y t = Xt — 5. Then 

A(GJ)-A(G,i) = 5(A(£ t _i,S)-A(^ tl s))-5 2 A(%_i )t ,i) 

= <5[(A(£ , t -i,S) + x t _ 3 x t _ 2 ) - (A(£ , t ,S) - x t _ 4 x t _ 3 )] - (5 2 A(i?( t _ 1)t , I) 

= <5(x t _4 + x~t-2)xt-z - 35 2 xi. (24) 

Let J = ( Xt - 4+ x<_-2) x t-3 _ u sm g Remark l2.2f b'). similar to Case 1, a tedious but easy calculation yields 
that <5 < x t and y = (yi, y%, ■ ■ ■ , Vt) is also a legal weighting for G. Replacing 5 by ( x t-^+^-2) a: t-3 j n 
we have 

u ~ ^ * (gt-4 + X t „ 2 ) 2 ^ 2 - 3 , ,n 

A(G,y) - A(G,x) = — . (25) 

Adding ([231) and (ED 



A(G, f) - A(G, f) = (X * 4 + ^*_ 2)2X *- 3 + x t _ 3 (x t _ 2 x t -i - x t _ 4 x t ). (26) 

12x1 

By Remark l2.2f b). we have 

_ Xt-AXt-2 

X t -1 = x t -\ — , 

6X1 

and 

X t - 3 X t + X t - 3 X t -l ^_ . Xt-ZXt + X t - 3 X t -l 

x t -4 = xt-i H r-rs 7— < a; t _ 2 + . 

A(-B(t-4)(t-2)) 3a;i 

So 

U/ *j * x , n =k (x t _ 4 +X t _ 2 ) 2 X 2 _ 3 X t - 4 X t _ 3 X 2 _ 2 - - — \ 

A(G,y) - A(G,x) = — 1 — x t _ 3 Xt(x t _ 4 - x t _ 2 ) 

lixi 0X1 

> (x t -4 + X t -2) 2 Xt_ 3 X t -4X t - 3 X 2 _ 2 Xt-3%t xf_ 3 X t -lX t 

I2x~i 3xi 3x~i 3xi 

-2 -2 — - -2 -2 -2 -2 - - 

> a 't~2 ::c t-3 _|_ a 't~4^t-3 :: gt-2 _ x t-3 x t _ x t- 3 x t-l x t ^ q 

— 3xi 3xi 3xi 3xi 

So A(G, x) < A(G, y) < A(G) = X([t - l}^), since G contains a clique of order t - 1 (by Theorem [Ml) ■ 



Proof of Theorem \1.7\ Let m and £ be integers satisfying m = Q) — 5. Let G = (V, -E 1 ) be a 3-graph 
with m edges such that A(G) = A^. Applying Lemma I27T1 we can assume that G is left-compressed. Let 
x = (xi, X2, . . . , Xk) be an optimal weighting for G satisfying xi > X2 > . . . > Xfc > Xk+i — ■ ■ . = x„ = 0. 
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We claim that k <t. Otherwise k > t + 1, and then Lemma [2751 implies that 

m = \E\ > (*- 1 ) + ( Jfe - 2 )-(*-2) 

* (K")-<-> 

> Q)-5 (28) 

which contradicts to the assumption that m = Q) — 5. If k < t, then clearly A(G) < A([i — l] 3 ). However, 
if we take a legal weighting x — (xi, . . . , Xt), where x\ = x 2 = ■ ■ ■ = Xt-2 = j^j and Xt-i = x t = 2 (t-i) > 
then A(C3, m , x) > X([t — l]*- 3 -*)- This contradiction implies that k > t. Hence k = t. In view of Figure 1, 
there are only four different left-compressed 3-graphs with m = Q) — 5 edges on vertex set [t] . They are 

G x = ([<], = [t]<® \ {(t - 2 )(t - (t - 3)(t - l)t, (t - 4)(t - (t - 5)(t - (t - 6)(t - l)t}, 

G 2 = ([<], S (2) ) = [t] (3) \ {(« - 2)(t - (t - 3)(t - l)t, (t - 4)(t - 1% (t - 5)(t - l)t, (t - 3)(t - 2)*}, 
G 3 = ([*], = M (3) \ {(« - 2)(t - (t - 3)(t - l)t, (t - 4)(t - 1)*, (t - 3)(t - 2)i, (t - 4)(t - 2)*}, 
and 

G 4 = ([*],i5< 4 >) = [t]< 3 ^{(i-2)(t-lK (t-3)(t-l)t,(*-4)(t-l)t J (*-3)(t-2)* 1 (i-3)(t-2)(i-l)}. 

Clearly, Gi is formed by taking the first m sets in the colex order of N^ 3 - 1 . So in order to prove Theorem 
11.71 we only need to prove that the Lagrangian of Gi is the largest one among these four 3-graphs. 

First, we prove that A(Gi) > A(G2). Let x = (x±, x 2 , ■ ■ ■ , x t ) be an optimal weighting for G2 satisfying 
x\ > X2 > ■ ■ ■ > xt > 0. By Remark 12.2( b). we have 

Xt-iXt + X t - 5 Xt 

Xt-2 = X t -1 + 



and 



So 



Xf-6 = X t -3 



-2)(*-l)'^ 



Xt-lXt + X t -2Xt 
A(-E(il 6 ) (t _3),^) 



A(Gi,x) - X(G 2 ,x) = x t -3X t - 2 x t - xt-ext-ixt 

jXt 
p(2) 

\t-: 

-x t - 3 x t - (xt-a - x t -z)xt-ix t 



X t -iX t + X t - 5 X tl 
X t -3[Xt-l H —\Xt ~ Xt- 6 Xt-lX t 

M-^(t-2)(t-l)>^) 
X t ^iX t + X t - 5 X t 



^(-^(t-2)(i-l)'^) 

Xt-iXt + X t -5X t Xt-lXt + X t - 2 X t 
= ?2) X t - 3 X t Tgj Xt-lXt 

- 2 )(t-i)' f ) A(E (t _ 6)(t _ 3) ,x) 
> (29) 

since \(EW_ m _ 1) ,x') < A(£ ( ( ( 2 l 6)(t _ 3) , x). Hence A(G X ) > A(Gx,S) > A(G 2 ,f) > A(G 2 ). 



11 



Next, we prove A(G2) > A(G 3 ). Let y — (yi,y 2 , ■ • ■ , yt) be an optimal weighting for G 3 satisfying 
2/1 > D% > • • • > Vt > 0. Note that y t _2 = J/t-i, y is also a legal weighting for G2, and 

A(G 2 , y) - A(G 3 , y) = (y t _ 4 - yt-s)yt-iVt- (30) 

Consider a new weighting for G2, y* = (y' 1 ,y' 2 , . . . ,y' t ) given by y- = j/j for i 7^ t — 5, i ^ t — 4 and 
Vt-5 = Vt-5 - S, y' t _ 4 = y t -4 + S. Then 

\(G 2 ,y>) - X(G 2 ,y) = 6(X(E^ 2 } i ,y) - X{E?\,y)) - S 2 X{Eff_ 5){t _ iy y) 

= <% t _ s - y t _ 4 )A(£ ( (2 l 5)(t _ 4) ,y) - <5 2 A(£ ( (2 l 5)(t _ 4) , y). 

Let (5 = j/t - 5 ~ 2/ *- 4 . Clearly, y' = (yj, y 2 , . . . , yQ is also a legal weighting for G 2 . And 

A(G 2 ,y') - A(G 2 ,y) = {yt ~ 5 X(E^_ m _ 4) ,y). (31) 

Let y" = [y'{, y%, . . . , y'{) given by y'! = y[ for i ^ t - 2, i ^= t - 1 and y£'_ 2 = y[_ 2 + 77, yf.j = y' t _ Y - rj. 
Then 

A(G 2 , y") - X(G 2 ,y') = vlHE^y') - X{E?\,y>)\ - r, 2 X(E^_ m _ iy y>) 

= ?7(^_ 4 ^ + ^_ 5 y0-?? 2 A(S ( ( t 2 l 2)(t _ 1) ,y')- (32) 



Let n = Vt ~J^ Vt - 5 \ . Clearly, r, < y' t . Hence, y" = {y'{,y%, . . .,y' t ') is also a legal weighting for G 2 . 
And 

A(G 2 ,y") - X(G 2 ,y>) = ^-a + ^-JV (33) 
4A(4 2 l 2 ) (t -i) I 27) 

By Remark l2.2f b). we have 

2/t - 5 = 2/t " 4 + >7^) ^ (34) 

Combing ([30]), ([31]), (J33J), and ([34]), we have 

A(G 2 ,y")-A(G 3 ,y) - ! ' 7 - ]!IT 



X(E^_ 5){t ^ y y) 



(i/U + i/i-JV ^vUyl 



4A(4 2 l 2)(t _ 1) ,y') A(4 3 l 5)(4 _ 4) ,y)' 

Since A(£; ( (2 l 2)(t _ 1) , y 1 ) = A( J B ( ( t 3 l 2)(t _ 1) , y), y^_ 5 + y£_ 4 = y t _ 5 + y t _ 4 , y£ = yt and X(E^l 2)(t _ ir y) < 

A (4 3 -5)(^4)'y)' we have A(G 2 ,y 7 ') - A(G 3 ,y) > 0. Hence A(G 2 ) > A(G 2 ,y") > A(G 3 ,y) = A(G 3 ). 

Last, we prove A(G 3 ) > A(G 4 ). Let z — (zi, z 2 , . . . , Zt) be an optimal weighting for G4 satisfying 
zi > z 2 > . . . > z t > 0. By Remark l2.2f b), Zt—i = z t , and 

A(G 3 ,z) - X(Gi,z) = (z t -3 - z t -i)z t - 2 zt-i. (35) 
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Consider a new weighting for G 3 , z 1 = (z[, z' 2 , . . . , z' t ) given by z\ — Zi for i ^ t — 4, i =/= t — 3 and 
Zj_ 4 = z t _ 4 - a, Zj_ 3 = z f _ 3 + a. Then 



A(G 3 ,P) - A(G 3 ,z) = a{\{E[%,z) - X{e[%z)) - a 2 X(E^_ A){t _ 3) ,y) 
= a(z t _ 4 - z t ^ 3 )X(E ( ^_ i){t _ 3) , z) - a 2 A(£; ( ( fl 4)(t _ 3 

Let a = Zt - 4 ~ Zt - 3 , Clearly, 2* = [z' x ,z' 2 , ■ ■ ■ , z' t ) is also a legal weighting for G 3 . Also 



A(G 3 ,z') - A(G 3 ,z) - (Zt ' 4 4 Zt - 3)2 X(E^_ m _ 3) ,z). (37) 

Let z" = [z'{, z'l, z' t ') be given by z'[ = z[ for i ^ i - 1, i 5^ f and z' t '_ 1 = z' t _ x + (3, z' t ' = z' t -0. Then 

A(G 3 , z") - X(G 3 ,z') = P{X{E<f\ , z>) - A(S t (3) , z')) - P 2 X{Ef_ 1)v z>) 

= P{zUz' t _ 2 + z' t _ 4 z' t _ 2 ) - f\(E$l 1)v P). (38) 

Z t-3 Z t-2 JrZ t-A Z t-2 

legal weighting for G 3 , and 



Let P = Zt -%-Jv Zt - l %-' ■ Since 1.2 e £ (t -i )t , /3 < V < ^- Hencc > 2" = (4, 4', is also a 



4X(E^ 1)t ,z> 

By Remark l2.2f b). we have 

2^-2-^ 



Zf-4 = Z*-3 + , -. (40) 



A C^(t_4)(t-3)' ^) 



Note that A(-E ( yl 4)(t _ 3 ) , z) = A(£ ( ( 4 3 l 4)(t _ 3) , z), z£_ 4 + z' t _ 3 = z t _ 4 + z t _ 3 , z' t _ 2 = z t -i- Combing ([35 
(EH), (EH) and (EDJ, we have 



A(G 3 ,z")-A(G 4 ,z) 



(z t _4- Zt - 3 ) 2 A(4 3 l 4)(t „ 3) ,z) (zJ_ 4 + zJ_ 3 )V 



t-2 



4A(4 3 l 1)t ,P) 



o 7 2 2 
zz i-2 z i 



A(-E( 3 l 4 ) (t _ 3 ),2 : ) 

,2 „2 



A(4-4)(t-3)'3 4A (4-i)*> 2 ') 

2z 2 _ 2 z 2 



A (- E (t-4)(t-3)' ^) 



> (41) 



since A(i? ( (3 l 4)(t _ 3) ,z) = A(£ ( (3 l 4)(t _ 3) , P) > X(E^_ 1)t ,z'). Hence A(G 3 ) > A(G 3 ,z") > X(G 4 ,z) 
A(G4). This completes the proof of Theorem ll.7l 



Proof of Theorem \1.8l We prove this theorem by case analysis. 

Note that m = 1 = ( 3 ),m = 2 = (£) - 2,m = 3 = Q - l,m = 4 = (*),m = 8 = (jj) - 2,m = 
= (jj) - l,m = 18 = (3) - 2,m = 19 = (3) - l,m = 33 = Q - 2,m = 34 = Q - 1, and 
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to — 54 = ( 3 ) — 2,m = 55 = ( 3 ) — l,m = 56 = ( 3 ). Coniecture 11.31 holds for 3-graph with the number 
of edges equal these values by Lemma 12.71 Since to — 6 = ( 3 ) — 4, m = 7 = ( 3 ) — 3, m = 16 = 
(°) - 4, m = 17 = (3) - 3, m = 31 = Q - 4, m = 32 = Q - 3, to = 52 = (*) - 4, to = 53 = Q - 3, 
Conjecture 11.31 holds for 3-graph with the number of edges equal these values by Theorem 11.51 Because 
to = 5 = ( 3 ) — 5, to = 51 = ( 3 ) — 5, Coniecture 11.31 holds for 3-graph with the number of edges equal 
these values by Theorem II .71 

If ( 8 - x ) < m = 10, 11, 12, 13, 14, 15 < ( 6 3 x ) + ( 6 " 2 ), A(G 3>m ) = A([5p). Let G = (V, E) be a 3-graph 
satisfying A(G) = A^. By Lemma l2~7l we can assume that G is left-compressed. Let x = (xi,X2, ■ ■ ■ , xt) 
be an optimal weighting for G, by Lemma H~4l x% — for i > 7. Otherwise \E\ > ( 3 ) + (2) — 5 = 25 > m. 
So we can assume G is on vertex set [6] = {1, 2, 3, 4, 5, 6}. We claim edge 456 is not in E. Otherwise, 
if 456 is in E, then all its descendants are in E, ED [6]( 3 l So \E\ > 20, this contradicts to \E\ < 15. 
Hence \E 56 \ < 4 and we have A(G) < A([5]( 3 )) by Lemma SH 

If fg 1 ) < to = 20,21,22,23,24,25,26,27,28,29,30 < ( 7 3 " 1 ) + ( 7 - 2 ), A(G 3 , m ) = A([6]( 3 )). We can 
assume G is on vertex set [7] = {1, 2, 3, 4, 5, 6, 7}. We claim 467 is not in E. Otherwise, if 467 is in E, 
then all its descendants are in E, E D [7] (3) \ {567}. So \E\ > 35 - 1 = 34, this contradicts to \E\ < 30. 
Hence \E 67 \ < 4 and we have A(G) < A([6] (3) ) by Lemma l4~2l 

If ^g 1 ) < to = 35,36,37,38,39,40,41,42,43,44,45,47,48,49,50 < ^g 1 ) + ( 8 ~ 2 ), A(G 3 , m ) = 
A([7] (3) ). We can assume G is on vertex set [8] = {1, 2, 3, 4, 5, 6, 7, 8}. We claim 478 is not in E. Other- 
wise, if 478 is in E, then all its descendants are in E, E D [8]^\{678, 578, 568, 567}. So \E\ > 56-4 = 52, 
contradicts to \E\ < 50. Hence \E 78 \ < 4 and we have A(G) < A([7]^ 3 ^) by Lemma l4~2l 

If 56 = ( 9 3 x ) < to < ( 9 3 1 ) + ( 9 2 2 ) - (9 - 3) = 71, Theorem [T6] implies TheoremEHl 

This completes the proof. ■ 
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